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11.1 INVERSE LAPLACE TRANSFORMS _— 5 {—ﬁ}=—J‘__. _ _1__L[ ; ]
K F (5) s the Laplace Transform of r 2 fanction f (1), thea f (1) 5 knowm 23 Inverse L =~ &2 Proved.
<l g om, s mﬂ@,_,._ﬂ;ﬂtmﬂﬂﬁmm Laplac, WLFMﬂBmI@hszmdﬂzﬁu J=
I L [f (1)) = Fls), thea L [F (5)) = £ (1), where L™ is calied the Inverse Laplace Trangg, ] 1
operator 0, T2 (i) . (&) 5
From the application point of view, the Inverse Laplece Transform is very useful. 1 2 £ -16
Isverse Laplace Transform is wsed m solving differential equations without fing; ' 3
,i:"-'ﬂcnl soistion 2nd a'n:::'a::. COnSIaTEN. mmg d:: (") 32 + 25 (‘IF) +9 ("‘) —'—)-1——
11.2 IMPORTANT FORMULAE gl 1 e R
| () (viii) : $+2
] ’ | (s-1) +4 (x) .y
L"(-—)= ! 1 _ r 1 (1+3)1-4 2¥ ~25
o > s {ﬂ—])! 3. EI-—I—:‘;=CJ . 1 (I+ )1
L 05— -coshar . " 2s -7
i T (RGP, Bhopal, Dec. 2007) .
: Solution.
TR . R o ' |
=5 ‘. F = ¥ 1 ] =
,1 d'2 a ‘2+a2 a mm/ (l) r -;-—-2-= (ﬂ‘) L—lszl —-L—Il 3 -—“ﬁSI
T T e 1 -9 3 2-(3y 3
- / 8. L ~a) =
i I 1 2 -16 2 4)2 _;2 =3 -—er
9. L 2 =_e'$i[|bt 10. L_I s~-a —( +25 32..5.(5}2
(s-af +6* & (s-a +b2=e"cosbr o) - . 1
¥y I - L—l =¢;\_, i
E-i 1 _ l _ cos3t (‘FI‘) smi
1. (:_a)l_.bz = 5 Eaﬂnhbl' 1. L—l $—a =d’;mb‘ Sz+9 _'2+(3)1 (5"2)1+l
i (-{“-"‘:")zmb2 (m) L—l s"l p
13. ! _ =¢' cos 2t
(:2+a2): 20 (mﬁ-ﬂmsm)u_ [ s 1 (_: 1) +4
(’2“’2) 2" 30 (viii) -1 1 1 2 1
1s. ! s - _ : . ) £ =—— 2=-i¢'3'smh21
(.1'2+a2)2 - I cos at 16. ! (1) = s(1) (""'3)2"4 2(5-!-3) -(2)
Y 1 ' (&) 1 __S+2 ! ('H.z) = e cosh 5t
17. | : (..H-Z) 25 * (s+2) (5)1

-y
| 2s -7 ZE

[sma:r+ .
(52+a2) Eﬂcogar] 18. L"I{ F(f}} Ef(‘)df , _
| « 1 13 [L‘l F(ﬂ):lf@}""
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) B le se Lq
. gxaP J4s+10 Place transfopy of folf 288
2 6 | (MD U i' 0 Todl + 28 - = Owing functions
Examiple 3. Find L 5 1) A -”lf-u X |
xamsple 3. Fin : : g
P o - solution- The given function cap pe Written a [U.P, II Semester. 2007]
Solution. Here, we have 6 x [ 3 1 |
L 3 = s s° S | | 49s° +28s+13 - — 7
’ s (Us+2)2 49
=1+2+3 A, 'R 49(=+3T+9
Example 4. Rind Inverse Laplace Transform of 25— 5 . - 7
6 3+4s 8-6s | ) — 145410 45 2) 2 |
(9) =g e " 16D 95" - 25 . L 2 | - » TrI|+6 %
2s—-3 951 -16 165" +7 S 495" +285+13 . ——|=e 7 1 14546
" cp (UP II. Semester Summe;- 2001) - 49(;1.:2’_ +9 49 ¢ +9
65 +20 “ ;
Solution. "El 14 r ;+..6__ !
T3 952-16 9s* - 249 165" +9 2.9
25 -3 ?s -16 9s* -16 16s 3 -1 \ -3
4 1 i p
3 : 9" 2 8’ % 4 ! r :
=L_l-q _ 3 = 2+—'—"_1_ 5 L _ = € s —-.f.____+]4 6 L-I 1
3 . 4 3 2 (3 49 2.9 4
TR AT A E F
z 3 3 4 4 % : . 49,
3 o T2
( 4 —3_ =g 7 ?ms'g""'“ﬁ—-lsm—t]
— L—I 3 l E i S +_2__ 4 _E 5 t 2; 49 3
- : T 7 2 2 3 o 1B = 3
S_% 4 _[g} 9, “G‘) 3 +G) 8 +[§] = 27 (ms-_;min.;},) "~
¢ 4 :
et B UK %5 A 3 EXERCISE 11.1
= S o 2 sinh '3"f ‘;Wﬂh ? o 3’5“1 ‘;f "3 cos ?’ Ans, Find the Inverse Laplace Transform of the following:
[ T I is~8 3 5t 4
1. 3 .5t 4 5
e i ) 412 +25 Ans. y Cos 27 Sin —
- - 2s 5 2s 5
b)) L : =L - = — —_— 2
95 - 25 9s2 —25 95 - 25 5)2 )| 3(s* -2
" ) 9 52 -(“] 1 9 32 = E . 3. = Ans, 1--3;2 +-l..|*4
3 3 * 2s 2 2
( ) ) = 25-5 4518 1
5 E 3. m+ o2 Ans. —[ms-s—t—sin?—{]-4cosh3r+65inh3r
= "CDSh-S—I—-lL't 3 --E h5! ISiII. 5t P =5 2 2 2
9 3 3 2 | e A e . Ss —
2 _(é) 9 3 3 '3 4 9’1 i Ans. imshif-%shlhir
! 3) $ -16 9 3 3
% -2 5 1
@L' ="' ___2 1., s 1 ) s, 1,16 1
2 =—] 7l _ + Ans. —_-16
6420 " 67420 670 6 5 W 3L 10 AT g losioht
b §2 4 —
3 3 G- L-l l F L
1 10 ;;‘ exist only when the value of nis :
-2 _ L3N 1 fio 1 . [0 ( . o
6 2,10 3 Yo 2 10 g S\ f{——=sin,[~! Ans ) Negative integer (if) Positive integer
3 il Wit 3 V30 3 (iif) Zero (iv) None of these  Ams. (ii) (U.P. Il Semester, 2010)
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11.3 MULTIPLICATION BY S | gxample 7. Find the [pye,

el
- . | Qpiace T"ﬂmfgrm of 287
u_r’"_'; _L-l [S F(S)] =E f(f)-!-f(ﬂ)a(l') i (f) S(S + ﬂ) (ﬁ) ] A
v "'*-E-._.____ - 32 43
- (i) - 3s ' " S(s +l) (e
i . 1 . 2
Example 6. Find the Inverse Laplace Transform of (i) st4+1 W g8t 25 (iii) E”:F\'i Solution 3(3 +9) y
- -1 — ,—at -
Solution. 0L (-’ v ‘J -
20 1 . B & ) 5
(H L! ——— =sin{ | 1 , ..
+ 1 ' L- = =] 1 - . "
> ) | | | _s(s+a)_ LL [';':ﬂdrr.j;e—mdt: e ' .
LI N, . t) =cos ! s
1A T a (sin ¢) + sin (0)5 (1) &n& e 1 | —a o '
R ' ) :+E=E[‘“E'”] |
(ﬁ) L_I 1 _ 1 L__] 1 _ 1 .g_L--] 2 : P Si.nh"'f ' -1 ] . Ans. :
4s -5 4 2 25 45 5 (5) 10 2 (i) L dr sint |
$° - a s° - >
1 1 :
= =\ '
-1 5 1 d 5 0 5(1') [ 2 } I ( ]df: S _ {
= h—:+—-—smh S\ s +1 0 2 Dtdt={-cos¢]" = _
L 432 YT sin > 10 ( ) ] 5 +] -| .L [ 0s ]n Cost+1] Ans.
1(5 5 1 b Sl‘ (i), ! st 43 s s> +9 ¢ L-I 1 :
= —| = |cosh —t =—cosh — A 2 = =
10(2) ot =2 5 ns, o S(S + 9) hs(sz +9) (3 +9)
¥ !
= 3 3 4, 1 s W =1—-2Isin3:dr=1+2 l : 2 2
P33 13 x [cossf bl marn
(#id) 25+9 2 3+2 > ._ 0 ]0 3 3
2 = -CU53I+1=-—[2c053t+1]
2] 3 20800 3( 9) -2 3 ' ? —
1 3 3.d| -3t 3 -5(0)( -3
7= - igzz dt [E P lrge? =5[_5)E s . EXERCISE 11.3
\ ) Find the Inverse Laplace Transform of the fnlluwmg
3 1 1] e ] 1-e~2
_ 27 ! 3 1. A - —=1 ] l-e -
i Al Ans. 2s (s ~3) o 213 | ’ s(s +2) -
. ]
EXERCISE 11.2 ' 3. 5(32 -—16) Ans. --[msh s-1) " i Aps, L-cosat
Find the Inverse Laplace Transform of the following: 5(51 + ul) a*
25 2 -2t ] st +2 ! -t
d _ g 5t =1 =27 +1 2 6. Ans.t—1+e
1. pove Ans. — 5 ¢t 4 | 2. T+e Ans. 3[ ] (52 +4) Ans. cos’t Z(s 1) _
1 t L
. —Cosh — / _—asinat+] 2
Ans 2 ? ; 52 4 g2 Ans.-as 2 ;3 : Ans. %+msr—l
s 2\ (s +1)
. ==Sin 3t +1 ‘ AR
I b | /M3 FIRST SHIFTING PROPERTY .
| - ™ - =" [F(s)] / - cueghy e
- If -} = 'F(s+a)=¢ L [ oA T
1.4 DIVISION BY s (MULTIPLICATION BY 1) _ LUFO =1, then | L' Flsta) v
/" - s o Example 8. Find the Inverse Laplace Transform 1
—1- }" (s) 1 t | (l') . (ii) - (it 952+63+1
L |L [—;—] = L:[I. [F(s)]]dt: i ' | (s +2)§' 2 +4s+13
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288 3 A i S+ ; 289
] s-1 2 o+t
Solution. (s+1 2 i
o i _1)(52+23+S) :"‘}+L“' 3
then L™ : 5 =£—J"—-l g, (5 . (.::H)2 2 - L "—"'—-——“.l,
(s+2) ¢ s+2 ! 2 ] h v I("+1)2+22~ .
H2=2 _wlt- i i = € +3¢7 - 1]
. - § -..-L_I'— b 2 +21+ 3) S+2h . -_1 ol v L £ 5
uh & [sz+4s+l3] (5‘*2) +(3) ;(: ; ( ( +Q) - " 427 , oL s? +22
! = -t 1
Sl A “I'L’I-[';_T—'T) . =€ +3e” —gingy_ ot '
=M 3 57 +3 | 2 u s Ans.
2 u i EXERC] |
_ - 3f—-—e  Sin 3t ' SE 11.4
! 1 l 1 Ao e Inverse Laplace Transform of the following
/3 y-1 |
Gii) 1) | _ ! 1 2='1'L'I 1=-9-E' L ;—2- _____-"_'_.".'E-- y
5
— -3
bt = e 115502
o » Ans,
Example 9. Find the Inverse Laplace Transform of y, — Ans, ¢! i(;; 7
. S5 +3 (s+1)2 g 3-7)
- U.P. Il Semester S A A
(s-1) (52 +25+ 5) ( T oummer 2005) 4. 2-25-8 Ans. e Y(cosh 3¢ + sinh 31)
: . Ss+3 : (GBTU, 2011) —3:[ 3 ]
Solution. ! . 5‘_ ) ' Ans. € COS 4t — — sin 4¢
I(.s-l)(sl+2.s+5) £ +65+25 4
" 6. lz Ans El-sin 4t
Let .. - W P < i 2(s-1)° +32 -
(5_1)(52.,.254.5) s=1 s?425+5 7 e L. . 3 1 3
i -3)1+16 Ans. —e” cos2t ——e” sin 2
Ss+3=A(+25+5) +(Bs+C) (s = 1) M 4
Ss+3=5(A+B)+s24A-B+C)+(54-C) o COND SHIFTING PROPERTY
Comparing the coefficients of s°, s and constant, we get e
2-B+C=5 () Example 10. Obtain Inverse Laplace Transform of
| 0 dd. ‘ S(A)‘- C = 3 . {3] () E_u E—-_l
n adding equations (1) and (2), we ha ! '
34+ C= N (5 +43) v (s + 1y
: =3 ) Solution.
Adding equations (3) and (4), we get 1
i 3
BA=8 = A4=] r | (i) L'-;E=e3‘
Putting A = 1 in (3), we get i
C — 2 1 e..“ g 5 g
. _ B E _ 3(r-x) _ |
PunlﬂgA =1, C=2in (2): we get s 413 € H(f T[) Ans.
o oo 1 22 ] i
Thus 55 +3 _ | —54+72 | 52 (") L —-3-=_2_; — L'“l 3:3!_2_'
(5—1)(32+2s+5) .y 32+23+5=__i_ ; $ | - (s+1) |
S=1 (s+1)" +28 s V2
L—-l € _ E_(l-l} _ (l’ ) . u(t s ]) Ans.
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(32_'_“2)2 = ‘E;Tsmat..._____msat

Yo . 20 "~ atcos Ans.
L3 -1 f_i...:l‘i..- |
Solution. £ [ f——-—-—._rf-" ]“ L R ] {1y . EXERCISE 1. 5
8 N . i”m ]n\'ﬁﬁc Laplace Transform of the fﬂ"ﬂ“mg
¢ t
We know that Z [u (¢~ @)} = = -3
3 = 1 e Am. ’—('-z)tzﬁu(r—z)
= .E-..—— (5+2) 2
and Lie-a)e-al® 73 25
. - ..—-""'"-——___——_ 1.,
UWMW“““‘IL‘t“" 1 (,H)(shz“z) Ans. D)1 o (1-2) |u(e -2)
. fE ]_-.(;_1) u(t- 1)=3(¢-3)u(e- 3)
5" Ay, e’ R e~1=1)
Example 12. Find the Iutwbwm:‘ m‘“’“’"‘ of Y ToHl m u(t=1)
E.‘“ ‘axne TS
- —-— 3
‘ o ‘ “ 3 +ﬂ 4. ‘1_....--;.—{—'—' Ans. Eﬂlf[u(l—ﬂ)_"[l_i)]
M TmS of umit SKD funCIoNS, s2 41 >
X .
; ['—=sinu e (s+2) )
Solution. 5T+ X 5, T14545 5“"22("")1:03(1—::):11(:—4)
| et == }:sin::(r-l).:}(r—-l)=-sin(m).u(r-l) -
S +x 6 me— Ans. f()=t-a,whent>a
$
and ! .,s = C0S Rf =0, whent<a
$°+ R B _
s 3 1 1 l | : R Ans. - sin 1. u(t - x)
L"l:t“" — =mz(r—:].u(f-—;)=sin ::Lu(r--;] 0¥ s +1
$"+ % - - 2 .
On adding (1) and (2), we get 3 NVERSE LAPLACE TRANSFORMS OF DERIVATIVES
-5}2 -_r‘ 1 ' _
L_l e S+ & a —dto fi) ) N i l | _ﬁi
[ -I:+z: Sm(ﬂ) uj il 5 &m(ﬂf) H(f l) ['_F(S)]=“IL_I [F(S)] '_[f(f - E_II:F(I)]—-—‘L- dsF(s)
1 i |
.—.smm‘[u(r——]-—-u(t—l) Ans : -
2
Example 13. Find the value of N Example 14. Find L. log st , . (Unarakhand, Il Semester, June 2010, 2009, 2007)

gl
(sz +a )2

Solution. We know that

“{pia] - e

Differentiating wor.t. a, we get

“lalz) - £
=

= A t
{(s +a2)2 smat+a¢05m

) s-—-'ld

| d s+1
Solution. -} {log("+:J ,.=_% L' Eiog[ﬁ)]

_ _.l.g“[—log(sﬂ)-—
{

og(s-1) |

ds
1 1-_1__._1__.]
=_;L— s+1 s-1
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]ﬂ S+a MTU) ;1 Fﬁﬁ _ m
: m of F(s) = 1 [ |
Example 15. Find the Inverse Laplace Tr ansform of S+ <1 1 (4 :
(U.P, Il Semester um ' J 1.4 ';5' |
i - er 2003} - +F
Solut; - s+a ——}-L" ilngs+aJ -y
ution. L' log .TE =717 | ds s+b ) ‘-"---;L“ _;____(_4)
lL-lﬁilog(Ha)-""ﬂg(s’“b) | T :
=7 ds . 1ol 4 ]
: =~ _4s
I A !
=71 | s+a s+b =iL-I % |
1 [ et -E#w ]=l(e-br _E-ar) | { h_‘l."" +4_
= t ; ]
¢ 5 An“' — iL'I s
§° -1 J (32+23+2)(52-2; 2
Example 16. Obtain the Inverse Laplace Transform of log - - +2) |
_ : : e ' = iL'l 1 1 . 1 ] By
. - 1 o) 4, s - | | f 2 = ial
Solution. L'| log 2 % = = - L' e log 2 ', ) s+ 2s +2) 4 ~25+2) ﬁ‘actlpm‘nn
& - — o : -
L 2s 2] - 35 P N
1 41 d 9 - 5 .' { (s? 2 :
s gt L H _1)- sl S .. | (P +2542) (s -2542
tL [ds{]ng(s 1) 21035]] , T l“[ cosh ¢ 2] . . | ( o )_'
" s o _ LAl .
= 2[1-coshr) o i EL P al o124l
{ : 1 -1 - ;
Example 17. Find the function whose Laplace transform is .. ) ;[_E sint +¢' sin r]
l H 1
log [l + ;—] . (U.P, Il Semester June 2007 @ | - EE.E[E: B 1E-.r] Ans.
. { |
- N . - - - ' : |
Solution. L' | log (1 + -!-J = ! | .f:; log ("_H] B Example 19. Find Inverse Laplace Transform of tan”’ P
i r 5 5 i { i 5 ] :
| i i g e tal'l_Il ——*l-[,'l f—tm"—'— MD.U, 2010)
ﬂ-—--!-L-I _J._J [....._.]_) =__!_ L"I _ l | SOI.th.' s - t df 5 ( v isfe Nl v g
=... t \s+ 5 _ t  s(s+1) E [ E )
. : - ] in ¢
oo l | - =—1L-l I [__]f) =1L“I 2 ]=i;- Ans.
= 5+ & (Partial fraction) f l+—12- s ¢ L1+
! . 3 g
s et v e s MD.U. 2010) .
p e - ]] —;[1 - Aok B Eunp]e 20. Find L'I [ tan"l (l - g .I) ] ( )

Example 18. Find the inverse Lapi d -

S 2 . : -
o (F) 00} & 1 -1 # 1 s L Y ] !
Solution. Here, we have (Q.Bank UPTU 270 | - #;L 1+(s+ 1)’

et

i - : | Ans.
L (—2-.) B "'I'L-I [ita"-l - __Letsint |
: ds ¢ .' f
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Example 21. Find the inverse Laplace ple 23 Find the inverse Lapiq
afs i gt €€ lransforsy, of - 2as | oaadn. I,
cot” —2- (Q-Bank Up 2 ! | (s? + 2)f o
2 : o a
Soluti “ § . L N
ution. F  goluttof 242 | " Sinat
a( 3 | " -
Let L |cot™ (-]] =1 (1) - 41d]| a )
2 L — 1] _ _
; - ds |s°+d || =—tsinat
a4 af3]] - —1{( - } 9
= - [ds o (2)] d | plidom | '*
( 2 (s? +2?)2| T Isinat
s, [ -1 l] =—t1f(f) -] 2as | -I"_-.. .
l+§2 = (52_,_02)2 = Isinat L ::;
g ; ; 2
= L [ 3 ;| =70 gsample 24. Find the inverse Laplace transform of (.:z j)z
st + +
: | ' "
= sin 2t = 1 f (t) | Solution. We know ,-at
_1. ; L2 _
= f(:)—fsmﬂ i | hsz_i_az} = Cos at
" | s+3 -1 d a —
Example 22. Obtain the Inverse Laplace Transform of cot E— L |— = — 1 CoS at
2 ds |s* +d’
: : -
(U. P, Il Semester, S ¥ :
l €7, Summer 2007 ! - (’2 +az)_l-s(23) )
Solution. We know that L"[F(s):]:__[,"[%p(,)} = (s + a?) r = —1Icosar
r -
L"Fcot" $+3 -___lL—l—d a(s+3)] A L-I[ ;—.-1:522 =~ 1¢0s at
! 2 }J| _Zm 2 (s*+d*)?,
y e ' L-l Iz —_— az
| _% = (Sz_'_az)zJ = [ Ccos at ‘ Ans.
S A , "
r 1 (543 ‘ EXERCISE 11.6
., * 9 J Obtain Inverse Laplace Transform of the following:
) - 2 2
= —2!:-1,"'{ 4 | , ; . hg(“%] Ans. —*%msmHZ 2. log(H;-lfJ Ans. T["‘m’”‘]
4+ (s +3)°
" o id I
- Ans. in — h—
. %fll- 9 2} j R R R
2 -3
2 +(s+3) g s+l Ans. E_.[ysinz;.ngmszr—-sin?!]
1 3 o 2 (" +6s+ 13) a
L 2 S t sin at S0t s Ans, 17608
22 4 g2 W Ans. ; 6. slog z:;: s
e-3r t+a a |
Tsm 21 A.’. : ?. ._I_I r 5-2 =t bz -al bf
: 2 8 - Ans, =
. L (I___a)z
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- |
. Y -1 .I.L-l l
Solutroa. L-I-—-—L—‘nlll [" =t L [ J +1I [ D+‘?“"‘
tt +l) 3(“‘ *l) L)
= gxn ¢ A‘l
m@hmm FRACTIONS METHOD
- ‘ 1
Q' mmmwwmwﬂwrwmtf m

wtﬁwmnwnﬂuﬁimﬁmﬁmmwm
L"F ‘

- 1 _ l
L,s <_3+6 $s-3 s-2

i L“Li:‘]nrl (si?.]=tk - e An
s+
MI?_FMMME.;&‘Equ‘m
\ = (U.P, Hscmmm |
&ihl:nn.f‘; ‘I+l E=[_‘=? st ] t $—-3+4 -
Ve Um) NE B AN

=£' =3 J rl[ 4
s 3) = (4)° (:—3)24-(4): _
=& m-‘f-?m 4 A
MﬂFﬂﬁmmwd-

st -g' (O. Bank UP 2% |

=1L‘!I{ : 3 i Ly

2" | a;) (By partial fracoon)
1

= 2 (0sh ar + cos an) ASS

. LaP
by § o .

--—-___—-_—"-——-

$ (- l)(,sz + 4)'

§+4
tution Let us first resolve : info
s(s-l)(5 +4) Partial fractions.
§+4
_ A B
P g oL B C‘s+D
s(s-—l)(s‘+4) s+5_|+s PR v (1)
§+4 = A(s- 1) (s
5T+ 4
Pﬂnins:=0,mgct4=-4:l = 4= B T e
utting = l,weget3=B.1.(1+4)
Equatmb » the coefficients of s° on both sides of (1), we have -oh
0=A4+B+C = 0=<1+14C = C=0
q uating the coefficients of s on both sides of (1), we get
| =44 +48_p = 1l=-4+4_p = D=

On putting the values of 4. B. C, D in (1), we oet
s+4 i l l

~=-—4 -

s(s-l)(31+4) $ s=1 «lga

- b =[! --]—+—L_ |
s(s = l)(s +4) S s-1 sty
el el) ()
S s—1 2 $°+2°
- "'I."‘"E "E‘Sinzf Ans-
En.pleSﬂ.FMtheinm::eLapfacetmmjﬂmuf
l .
P [U.P. Il Semester, (SUM) 2007)
Solution. Here, we have
AP - 2P = (P-25+2) (P +25+2)
£ _ Pz
s'+4 (P -2Zs+(st +2512)
1 1 1 .
- [ ] parts2h | 1)
45| g -25s+2 s +25+2 fraction
Now, | — ]=¢'5ﬂ”
st —25+2 (s-1)" +1
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Example 31. Find the inverse Lap

Introduction 10 Engineering Malhernahca i

l a1 = —l-(a —~e')sin ¢

)

|
st +4

st +4a

Solution.

& +ddt = (s + - 2207

5

st +4q*

-

Example 32. Find the Inverse Laplace Transform of

Solution. Here, we have [~

£_2 X3

= L'I

5

Solution. We ha, ¢,

I [—“ﬂ
s? (s +a)

(¢ +

Ty Re2+2) 4

b g —
] =EL(E"E')51HM:

ot |

——

€ (sint - cost) - 5

ﬂ“'\

L
4| 2
L
4

sin! L—

4

lace transform of

J-cusrL

=-l—[sinrcosht-cusrsinhr]

(—sinf - cos 1)

(e —e-'\|

= {(s - a)l + a1} {(s + a)? + a%))

.{(s-a) +a’ }{(s+a) +a* )}

1 [ 1

1

)

— (2as)? = (s> - 2as + 2a?) (82 + 2as + 28

4a _(.1'.'-1:'.-)2 +a

2

1

s I |,
= —|L W
+44° 4a (s-a) +a
L-
4

| ; =
—e"sinagt—-e

Il

e
— —— + +
5 agz

Example 32a. Find the Inverse Laplace Transform of —

|

|
—sin at

By partial fraer. . B
(.s+a)2+a2_( Y partial fraciig

1 Y7

|

] e” - I = .
e sin at = — sinat sinhat.
2a* 2 2a

-

(s + a)* + &

(UP Il Semester, Summer 2002)

E—E.I'

=

a (s + a)_

(By Partial fractions) §

1

Ans.
R ':
s (32 +1) (GBTU 201)) &
) ELZH i _ —EHZH.! ) E-zm“
s (s* +1) S st +1
_L-l -2x3 B | i
52_!_1_1'4("‘2“)-511101'—21!)H(I—Zn) Ans. ¢
E—C.!'
>0
) (.s' + a) J

My f,ﬁ"’ 7 - 209
' F)

= | =— 1\e® ] ~(s+q)
i a® s a) 2 ("'1') ‘_1 )
T (54 a)
= —;‘I‘u(f—ﬂ')‘{""(‘ "C)u([_c)+___!____- at
ﬂle-m € H(f - C)
-1 1
—e
a a at } where u(t - c) is unit step function
Ans.
- mple 33 Find the Inverse Lapiace Transform of s

S.
1 .5'2 I 2
L : - =L-l a | b! 1 o
2 -

(s +a )(s +b)_ Y 2 = bE e i

2 : _
_‘_l L_] a _ bz _ 1 5 | ‘ 5 1
Ta-b | st+ad st ep? | & -p?|° _a-smm)_b (Embt)]

— l [ 1 >
T 7L asin at - b sin bt | Aiié:

Note: This question is also solved by using the Convolution Theorem as an example 37.

EXERCISE 11.7
Find the Inverse Laplace Transforms of the follwoing by partial fractions method:

1
1. 2 -Ts+12 Ans. eV - ¢
2 IEs et oosiips e b iy
‘st o4s+13 AT 3¢

Is+1
3. (I-l)(sz+l) Ans. ¢ =2 cost+sint

152 -2+ 5 n 3 an
4. 2e” +5e” —=¢

153—352—3s'+2 A
252 —6s5+5 R TR

R TP

6, — 54 Ans. e* cos 3¢
(s-4)* +9
7, —_ 16 Ans. e~ (sin 21 — 2t cos 2f)
2
(-!'- +25 + 5)
8. - L - Ans. ™ (1 - cos 1)

o

r F

P
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o a "“"Tln "“’ﬁg

Use convolutio
Eiﬂmpl e 35. n theorem ¢, find the inverse of th y
e HHCHDH

I
L& e Ans. ¢ 7 5
5
= (;—2)(52“)
10 s2-6s+7 Ans. 1€” {“’5"‘5“”}
: (51-45+5)2

L{ ﬂ £ (x)* £ (,_x)‘ﬁ}zﬁ(s),}’z (s)or

*Elample 34. Use convolution theorem 10 evaluate:

i
=1 .29 4L (UP, II S
; ".(s2 +4)* T 201y
$pos bl 2
d F, ()= s
an —

and L [F (s)) = L™ l =lsin 2t

| s2+4) 2
and L' KR =L"|=

s

According to Convolution Theorem
|
L[F (5)F ()] = jﬂ £1(2).f; (1 - x)dx

- I;-;—sinlrcnsﬂf—x)df
_ _],j" it (2 i |
= 7 Jo[si0 (2x +20-2x) +sin (2x - 21 + 2x)] dx

Vgt
"o j; [sin 21 + sin(4x — 2r)]dx

%[ISIHEI-—-}cos(flx 21)],
4 4

%[ sin 2t--l-cos 2;+_1.0052t Ass |
4 4 ] {ln 2t) -E 1

|ace Transforms

1

olut .on. We know that (s? +a?)?’ .
Il | ‘\ | (U.P, II Semester, 2009)
52 4 42 | =‘-;Sinur
Hence by convolution theorem

=g 1

fl ]
I ﬂsmax-—-sma(r x)dx

B 1 11
B 1_[02[%5(&1’ —at + ax) - = C0s (ax + at — ax)] dx

: | |
ﬁ{?m Asin B = ELCBS (A= B)—cos(A+ B)]}

1

!
> ju[cns (2ax - at) - cos at)) dx

11 |
= ik SIn (2ax —at) - x cos afL

a

1 , |
2a | 2a sin (2at —at)—t cos at — ~2—ﬂ5m (*a!‘)}

1 BT |
= Sin at -t cos at + — sin at
2a* | 2a 2a ]
l _zsin t—t t
= ——| —sinat—-tcosa
2a* | 2a

> [sm at - it cos at] Ans.
a

Example 36. State convolution theorem and hence find

Il
(-5_,+2) (s-2)

Solution. Convolution Theorem (See Art 10.23).
Let L{ £, (r)} = F, (s) and  Let L{A(! 1)} = Fy(s)

(Uttarakhand, 1l Semester, June 2007)

1
1 L(E-zl s
R(s)=——g ad R()=75 +2
; 5+2) i =21 M d 1 L 1
-2
0=r| =5

1 pl

fz(l')= L'ILS 2) =€

ACCordmg to Convolution Theorem

LR (s) R ()] = [ A AE-2)S

o
L

[ OV St e\ O




= ' aml
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! ez:-ll:la(x
l (A = I
L (;+2)2(I-2) qu .
I
i A . (::-41) tft] - _f.elf-«l.: i ] 2(2"4‘1 1Y
= -""-_-_4-- —4 0 4 4 ...4T_'J*
: 0
- ]
1 U4 | 2 _ _f.e"?f conogtll ; 3 o
- -4t _ +—€ + — U
= TE 16 16 4 16 16
o Eﬂ_-?e"w [4f+l] Ay
16 |
Example 37. Using the Cunmfurmn Theorem find
L'y ' a#b.
Fa)e)
L (M.D.U., 200, U.P. Il Semester Summey 2006 «?004]
< 5
= L(cos bt)=
Solution. We have, L (Cﬂs ﬂf) 2, 2 and ( ) ERE:
Hence, by the convolution theorem
2
‘ 5
L ax cos b(t — x) dx }=
{'L > (=) (sz +ﬂ2)(52 +bl)
Therefore,
2 [
s d »= | cosaxcosb(t—-x)dx
l(sz+a2)(sz+b2) 'L (t=x)
1 !
ot L{ cos (ax + bt — bx) + cos (ax — bt + bx) } dx
1 ! 1 ¢!
- > Lcns[(a—b)x+br]dr+5 Lcus[(a+b)x—bl]dr
_ ' sin [(a- b)x+b1) . ' sin [(a+b)x-bi] 1
| 2(a-b) 5 2 (a+b) Iy
_ sinat—sin bt sin at + sin bt
2(a-8) ~ 2(a+b)
- asin at - b sin bt |
a -p2 AR
r,.f"f“ g
Illlplc 38. EVGIWE L-I P S _ wz) 1
= JK - (,2 +l)(;2 +4) (U.P, II Semester, Summer 2
I'_._,EJIﬁOI.W:knowﬂm . - g 2
sf +1 S¢0sx and L 5 > =Sin2x

s +22

]
I

1. . 5
= —(sin*1-cos? 1)+
3 3

]
g(msr-—coslt)

1

32+a1)

Example 39. Obtain L™ (
: : A1

l—l sind Lﬁ| 1 _Sinﬂf
—— 2 2 '

A | S +a a

Solution. [~!

AR ION ACI Y WAUYATRRY

Hence by the Convolution Theorem

L_I[l 1 ] =jf sina(r-
s st+a 0 a

= lz'[l-cosafl
a

Example 40. Using Convolution Theorem, prove that

- = -

! 1 --’i+cost-1
s’ (52 +1) "2

Solution. We knewhthat, d
4

x)d.x=

! { 1 \ =sin ¢

cos ¢
T = T C0s 2+ ——
3 3 -

1

(Cunvolﬁtion Theorem)

~ cos (at — ax) 1

Cost

Ans.

(U.P, Il Semester, Summer 2005)

A
A

L |

PP NADIEIP VAN
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Using Convolution Theoremm, ;
g =fg;f)*""“"‘d‘ solution- 1 0~ gy
53(31+l) : . gnd G(;)=SJ+S; 2% = 5 (2
' - §
. _l_jf(fz_'_xz..zrx)sinxdx G(E)=352+25 5 ( +5h2)="(’+2)(3—1)
=9 Jo G(s)=0ha.sthreemmsol
= U, 1, =2
='l_[(r;_l_xz_z,x)(—cosx)-_[(21-21)(-cnsx)dr]’ | = . p - T ., a, =_?7
) 5 By Heaviside 'nverse ormula 3

.
: | 2

2

- 4 0 (6)
= l[2cosf+t2—2]=COSI+E—]=E+CDSI—I Ane | 2 h 3 (5) te -e Ans
2 g, 252-—65+5
EXERCISE 11.8 5 =65t +11s-6 (U.P. Il Semester, 2004)

Obtain the Inverse Laplace Transform by convolution.
/f“ . } |
1. g £

2
(s?+4’)

5

Q '(:+1)(;2+1)

-I-[(IZ+J:2 _2;;)(—cn5x)+2 I(I—!)cﬂs.rirJ
2

{(fz +x? —2x) (~cos x) + 2 (x =) sin x + 2 cos ]r

l[(‘z+,2 _2;1)(-c051')+0+2(:05f+r2 cusﬂ-zmw]

f

0

! -{E_)_}__ \ F(e,
& s

'F(al) L F(Uz) ta, F(u ) :
= {"G;(ﬂl)} G'(ﬂz)e + 3/ tay

0

F(s)=?.s'2—-6s+5
G(s)=s’-6s2+115~6=(s-1)(s—2)(s-3)
G (s) = 0 has three roots, 1, 2, 3.

s , al=l, 0:2=2, a3

G (5)=3s%-125+1]

Ans. —¢ cosat + — sin a¢

Ans. -;-[(3 - tz) sin ¢ - 3t cos r]

[ 1 n
By Heaviside Inverse formula, we have L' . F(s) - Z F(a,) oy

:si;';ar ~G(s)4 :‘-lG.(u:)
Ans.
" T2 prf 2645 | F(w) o, Flo) ge , Flo3) s
S —-6s"+11s-6 | G'(o) G'(a,) G'(a;)
Ans. -;Jl—[—ar+sinhar]
=——-;‘_((ll)) +—-F(2) ez'+—F(3) e"=-(-l-)-e' +-(l—)-ez'+@e3'=le‘—ez'+%e3‘ Ans.

G2 .63 @ ) @

| EXERCISE 11.9
Using Heaviside expansion formula, find the Inverse Laplace Transform of the following :

Ans. %(cns {—sint -~ e")

F(s) :
11.11 HEAVISI -~
y ISIDE INVERSE FORMULA OF G (s) L < s~1 Ans. 20~ 43¢
o ! : " +3s42 )
If F (s) and G (s) be two polynomials in S. The degree of F(s) is less than that of G (5) ) _ s Ans, ¢ - 267 R
Let a,, ,, a,, ... @ be n roots of the equation G (s)=0 (’_I}(""z)(’:?‘) : 2ll
F T u g3 104
Inverse Laplace formula of ﬂ Is given by 32143 Ans. —e” =9e7+ 2°
G(J‘) {"“2)(.!-3)(.:—4) "
Y . t g oDed
L { ) *=Z Floy) o, Yo ::hlﬁz"ﬁ Aus. 267 43¢ 2"
G(")J 1_16'({1‘) 2 "3.!2-3;+2




